Multiparameter resolvent trace expansion for elliptic boundary problems by Vertman, Boris
ar
X
iv
:1
30
1.
72
93
v2
  [
ma
th.
SP
]  
29
 Se
p 2
01
5
MULTI-PARAMETER RESOLVENT TRACE EXPANSION
I. FOR ELLIPTIC BOUNDARY PROBLEMS
BORIS VERTMAN
Abstract. Various aspects of semi-classical analysis require discussion of asymp-
totic expansions in two parameters weighted with smooth functions, which in the
setting of manifolds with boundary does not follow in an obvious way from the clas-
sical parametric elliptic theory. In the present paper we establish multi-parameter
resolvent trace expansions for elliptic boundary value problems, polyhomogeneous
both in the resolvent and the auxiliary parameters. Such multi-parameter resol-
vent trace expansions have been used in the setting of revolution surfaces with
unexpected applications to regularized sums of zeta-determinants. Another ex-
ample where these ideas play a prominent role is the asymptotics of determinants
for discrete Laplacians on tori under growing discretization parameter.
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1. Introduction and formulation of the main result
1.1. Introduction and motivation. Interest in the multi-parameter resolvent
trace expansions arises in view of their various applications. A particular example
of such an application is a joint project with Lesch [LeVe13] where we compare the
zeta-determinant of the Laplace Beltrami operator on a surface of revolution with
a regularized sum of zeta-determinants for scalar operators arising from a spectral
decomposition on the cross section of the revolution surface.
More generally, consider a manifold with fibered boundary Sd ×M , with an el-
liptic boundary problem (A ,B) represented after the eigenspace decomposition
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on Sd by an infinite sum of elliptic boundary problems (An, Bn), n ∈ N0 on M .
Assume the boundary problems admit well defined zeta-determinants. Then the
methods elaborated in [LeVe13] together with our main theorem here equate the
zeta-determinant of AB to the regularized sum of zeta determinants for An,Bn, up
to a locally computable error term.
Another application of multi-parameter resolvent trace expansions appears in the
study of asymptotics for determinants of graph Laplacians on discretized tori. In
[Ve15] we show that the constant term in the asymptotics of the combinatorial
determinant for the graph Laplacian on the discretized tori is given in terms of the
zeta-determinant of the Laplace Beltrami operator on the smooth torus manifold.
Finally, we expect a multi-parameter resolvent trace expansion to play a role
in establishing an asymptotic expansion of the Bergmann kernel in the setting of
complex manifolds with singular metric structure along divisors.
1.2. Formulation of the main result. Consider a compact manifold M of di-
mension m with boundary ∂M , equipped with a Hermitian vector bundle (E, hE) of
rank p. We recall the notion of an elliptic boundary problem from Seeley [See69].
Let A ∈ Diff q(M,E) denote a differential operator on M with values in E of q-th
order with pq ∈ 2N0. The operator A is elliptic if its principal symbol σ(A)(p, ζ)
is invertible for (p, ζ) ∈ T ∗M\{0}. Assume, A satisfies the Agmon condition in a
fixed cone (−Γ′) with Γ′ = {z ∈ C | arg(z) ∈ (θ1, θ2)} of the complex plane, i.e.
(σ(A) + zq) is invertible for zq ∈ Γ′. Consider a system of differential operators
B = (B1, .., Bpq/2) on ∂M , such that (A,B) defines an elliptic boundary problem
satisfying the Agmon condition on Γ′ in the sense of [See69, Def. 1,2].
Under this setup, (A,B) defines a closed unbounded operator AB on L
2(M,E),
obtained as the graph closure of A acting on u ∈ C∞(M,E) satisfying the boundary
conditions Bu = 0. Moreover, (AB+z
q) is invertible for zq ∈ Γ′ sufficiently large, cf.
[See69, p. 911], and the seminal work of Seeley [See69] establishes an expansion of
the resolvent (AB + z
q)−1 as |z| → ∞. In the present paper we fix a finite collection
of scalar smooth potentials V1, .., Vn ∈ C
∞(M) which are assumed to be nowhere
vanishing along the boundary ∂M . Set Γ := {z ∈ C | zq ∈ Γ′} and write Γn for
its n-th Cartesian product. Consider λ = (λ1, ..., λn) ∈ Γ
n and the corresponding
multi-parameter family
AB(λ) := AB +
n∑
k=1
λqkVk.
For z ∈ Γ sufficiently large, (AB(λ) + z
q) is invertible. For qN > m the N -th power
of the resolvent (AB(λ)+z
q)−N is trace class and our main result establishes a multi-
parameter expansion of the resolvent trace Tr(AB(λ) + z
q)−N , polyhomogeneous in
(z, λ) ∈ Γn+1.
Theorem 1.1. Consider any multiindex α ∈ Nn0 and β ∈ N0. Fix N ∈ N such that
qN > m. Then there exist ei ∈ C
∞(M × (Γn+1 ∩ Sn)), such that
∂αλ∂
β
z Tr(AB(λ) + z
q)−N ∼
∞∑
j=0
ej
(
(λ, z)
|(λ, z)|
)
|(λ, z)|−1−qN−j−|α|−β+m.
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Let us mention that the statement has a straightforward extension to the case of
additional summands in the expression for AB(λ) of the form λ
α
kDk, where Dk ∈
Diff p(M,E) and α + p < q. Moreover the arguments extend to the case of matrix-
valued potentials V1, .., Vn ∈ C
∞(M,End(E)), assuming that the action of their
restrictions to the boundary is scalar.
This paper is organized as follows. In §2 we recast the symbolic expansion of the
resolvent (AB + z
q)−1 in terms of polyhomogeneity properties of its Schwartz kernel
lifted to an appropriate blowup of R+×M2. In §3 we establish a composition result
for the polyhomogeneous conormal distributions on the blowup of R+ ×M2. In §4
we employ this microlocal characterization of the resolvent kernel to establish the
multi-parameter resolvent trace expansion. While the resolvent exists by standard
arguments, its microlocal description is obtained by constructing the corresponding
Schwartz kernel as a polyhomogeneous conormal distribution on the blowup space
using an iterative Neumann series argument
2. Resolvent kernel as a polyhomogeneous conormal distribution
2.1. Resolvent of an elliptic boundary value problem. Seeley [See69] pro-
vides a careful construction of the resolvent for the elliptic boundary problem AB.
More precisely, in view of [See69, Theorem 1, Lemma 2, (25), (32), (49))] we may
state the following
Theorem 2.1. Let ΓR := {µ ∈ Γ | |µ| ≥ R}. Consider a local coordinate
neighborhood U ⊂ [0, 1)x × ∂M in the collar of the boundary, with local co-
ordinates {x, y = (y1, .., ym−1)}. Then for any j ∈ N0 there exist d−q−j ∈
C∞(U × Rm × Γ,Hom(E ↾ U )), homogeneous of order (−q − j) in (x−1, ζ, γ, µ),
where (x, y, ζ, γ, µ) ∈ U × Rm−1ζ × Rγ × Γµ, such that for R > 0 sufficiently large
and µ ∈ ΓR the Schwartz kernel
1
(AB + µ
q)−1(x, y, x˜, y˜)− (A + µq)−1(x, y, x˜, y˜)
−
N−1∑
j=0
(2π)−m
∫
Rm−1
∫
R
ei〈y−y˜,ζ〉e−ix˜γd−q−j(x, y, ζ, γ, µ)dγdζ
=: KAB(x, y, x˜, y˜;µ)−KA(x, y, x˜, y˜;µ)−
N−1∑
j=0
Op(d−q−j),
is uniformly O(|µ|m−q−N) as |µ| → ∞. Here, the first term KAB denotes the re-
solvent kernel of AB near the boundary, whereas the second term KA refers to an
interior symbolic parametrix2 defined without taking into account the boundary con-
ditions. Note however that the symbol corresponding to KA determines the choice
of d−q−j, j ∈ N0 by a system of differential equations [See69, (9),(10),(11)].
1The notation Op denotes the integral kernel of the operator rather than the operator itself.
2The interior symbolic parametrix KA is obtained by inverting the symbol of (A + µ
q) alge-
braically by an iteration as in [See69, (5), (6)], and studying the corresponding operator. Such a
parametrix is defined independently of the boundary conditions and provides a good parametrix
for (A+ µq)−1 away from boundary.
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2.2. Construction of the resolvent blowup space. Assume for simplicity that
µ varies along a ray within Γ, which we identify with R+. Then the Schwartz kernel
KAB of the resolvent (AB + µ
q)−1 is a distribution on R+1/µ × M
2. Choose local
coordinates (x, y) and (x˜, y˜) on the two copies of M in a collar neighborhood of the
boundary, where x and x˜ are the boundary defining functions. The Schwartz kernel
KAB admits a non-uniform behaviour at
C := {µ =∞, x = x˜ = 0, y = y˜},
D := {µ =∞, (x, y) = (x˜, y˜)}.
(2.1)
This non-uniform behaviour is resolved by considering an appropriate blowup M 2b
of R+ ×M2 at C and D , a procedure introduced by Melrose, see [Mel93], such
that the kernels KAB , KA lift to polyhomogeneous distributions on the manifold with
corners M 2b in the sense of the following definition.
Definition 2.2. Let X be a manifold with corners, with all boundary faces embed-
ded, and {(Hi, ρi)}
N
i=1 an enumeration of its boundaries and corresponding defining
functions. For any multi-index b = (b1, . . . , bN) ∈ C
N we write ρb = ρb11 . . . ρ
bN
N .
Denote by Vb(X) the space of smooth vector fields on X which are tangent to all
boundary faces. All distributions on X will be assumed to be restrictions of distri-
butions defined on a closed manifold extending X . A distribution ω on X is said
to be conormal if ω ∈ ρbL∞(X) for some b ∈ CN , and V1 . . . Vℓω ∈ ρ
bL∞(X), for all
Vj ∈ Vb(X) and for every ℓ ≥ 0. An index set Ei = {(γ, p)} ⊂ C × N satisfies the
following hypotheses:
(1) if (γj, pj) ∈ Ei and |(γj, pj)| → ∞ then Re(γj)→∞,
(2) if (γ, p) ∈ Ei, then (γ + j, p
′) ∈ Ei for all j ∈ N0 and 0 ≤ p
′ ≤ p,
An index family E = (E1, . . . , EN) is an N -tuple of index sets. Finally, we say that
a conormal distribution w is polyhomogeneous on X with index family E, we write
ω ∈ A Ephg(X), if ω is conormal and if in addition, near each Hi,
ω ∼
∑
(γ,p)∈Ei
aγ,pρ
γ
i (log ρi)
p, as ρi → 0, (2.2)
with coefficients aγ,p conormal on Hi, polyhomogeneous with index Ej at any Hi ∩
Hj
3.
We also need to consider polyhomogeneous distributions on a manifold with cor-
ners X , conormal to an embedded submanifold Y ⊂ X . The basic space Im(Rn, {0})
consists of compactly supported distributions whose Fourier transform is given by
a symbol of order (m− n/4). Im(Rn, {0}) is invariant under local diffeomorphisms
and thus makes sense on any manifold around an isolated point.
For an embedded k-submanifold S ⊂ X , any point in S admits an open neigh-
borhood V in X which can be locally decomposed as a product V = X ′ × X ′′ so
that V ∩S = X ′×{p}, p ∈ X ′′. The space Im(X,S) is defined (locally) as the space
of smooth functions on X ′ with values Im+dimX
′/4(X ′′, {p}). The normalization is
chosen to give pseudo-differential operators their expected orders. All distributions
3The asymptotic expansion for ω means in precise terms that the difference between ω and
any finite portion of the expansion vanishes at the rate of the next term in the expansion, with
a corresponding property for all higher derivatives, and with decay order at other boundary faces
determined by the index family E.
MULTI-PARAMETER RESOLVENT TRACE EXPANSIONS 5
in Im(X,S) are locally restrictions of distributions on an ambient space, which are
conormal to any smooth extension of S across ∂X .
Choosing now index sets E for each boundary face of X as in Definition 2.2, we
define a space A Ephg(X, Y ) as the space of distributions conormal to Y , with poly-
homogeneous expansions as in Eq. (2.2) at all boundary faces and with coefficients
conormal to the intersection of Y with each boundary face.
We now continue with the definition of a blown-up space4 M 2b , to which the
Schwartz kernels KA and Op(d−q−j) lift to polyhomogeneous distributions, possibly
conormal to an embedded submanifold. Blowing up R+×M2 at C and D amounts
in principle to introducing polar coordinates in R+ × (R+)2 at
C
′ := {(1/µ, x, y) ∈ R+ × (R+)2 | µ =∞, x = x˜ = 0, y = y˜},
D
′ := {(1/µ, x, y) ∈ R+ × (R+)2 | µ =∞, (x, y) = (x˜, y˜)},
(2.3)
together with a unique minimal differential structure with respect to which these
coordinates are smooth.
We first perform a blowup of C . The resulting space [R+ ×M2;C ] is defined as
the union of R+×M2 \C with the inward-pointing spherical normal bundle of C in
R+×M2. The blowup [R+×M2;C ] is endowed with the unique minimal differential
structure with respect to which smooth functions in the interior of R+ ×M2 and
polar coordinates on R+×M2 around C are smooth. This blowup introduces a new
boundary hypersurface, which we refer to as the front face ff. The other boundary
faces are as follows. The union of ff and the right face rf is the lift of {x = 0}. The
union of ff and the left face lf is the lift of {x˜ = 0}. The union of ff and the temporal
face tf is the lift of {µ =∞}.
The actual blowup space M 2b is obtained by a blowup of [R
+ × M2;C ] along
the lift of the diagonal D . The resulting blowup space M 2b is defined as before
by cutting out the submanifold and replacing it with its inward-pointing spherical
normal bundle. This second blowup introduces an additional boundary hypersurface
td, the temporal diagonal. M 2b is a manifold with boundaries and corners, illustrated
below.
ξ
ρ
τ
x˜
lf
rf
tftf
td
ff
Figure 1. The blowup M 2b = [[R
+ ×M2,C ],D ].
The blowup M 2b is equipped with the canonical ‘blow-down map’ β : M
2
b →
R+ ×M2, which we discuss below.
4Do not confuse M 2b with the b-streched double space in [Mel93]
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Denote by Y := {(µ, p, p˜) ∈ R+ ×M2 | p = p˜} the diagonal submanifold and de-
note by β∗Y its lift to M 2b . We denote by A
l,p
phg(M
2
b , β
∗Y ) the space of distributions
that lift5 to polyhomogeneous conormal distributions on the blowup space M 2b , with
leading order (−m+ l) at the front face ff, leading order (−m+ p) at the temporal
diagonal td, index sets (N0,N0) at the left and right boundary faces, vanishing to
infinite order at tf, conormal at the interior submanifold β∗Y . The space of such
distributions without a conormal singularity is denoted by A l,pphg(M
2
b ).
A choice of projective coordinates on M 2b is given as follows. Near the top corner
of ff away from tf projective coordinates are given by
ρ =
1
µ
, ξ =
x
ρ
, ξ˜ =
x˜
ρ
, w =
y − y˜
ρ
, y˜, (2.4)
where in these coordinates ρ, ξ, ξ˜ are the defining functions of the faces ff, rf and lf
respectively. For the bottom corner of ff near rf projective coordinates are given by
τ = (µx˜)−1, s =
x
x˜
, u =
y − y˜
x˜
, x˜, y˜, (2.5)
where in these coordinates τ, s, x˜ are defining functions of tf, rf and ff respectively.
For the bottom corner of ff near lf projective coordinates are obtained by interchang-
ing the roles of x and x˜. Projective coordinates on M 2b near the top of td away from
tf are given by
η = τ, S =
s− 1
η
, U =
u
η
, x˜, y˜. (2.6)
The temporal face tf is not in this coordinate chart but corresponds to the limit
|(S, U)| → ∞. The boundary faces ff and td are defined by x˜, η, respectively. The
blowup M 2b is related to the original space R
+ ×M2 via the obvious ‘blow-down
map’
β : M 2b → R
+ ×M2,
which is in local coordinates simply the coordinate change back to
(1/µ, (x, y), (x˜, y˜)). The blowup M 2b is similar to the blowup space construc-
tion for incomplete conical singularities by Mooers [Moo99] with the difference
that here the blowup is not parabolic in µ−1−direction. It will be crucial in the
argument below to note that the restriction of β to ff is a fibration over the diagonal
of ∂M × ∂M . with the fibre equal to the quarter sphere Sm++. Similarly, the
restriction of β to td is a vibration over the diagonal of M ×M with the fibre equal
to the hemisphere Sm+ .
Theorem 2.3. Consider the elliptic boundary value problem (A,B) with a differential
operator A of order q on a compact manifold M of dimension m with boundary
∂M . Then the resolvent kernel KAB and the Schwartz kernel KA corresponding to
an interior symbolic parametrix kernel are both elements of A
q,q
phg(M
2
b , β
∗Y ), where
Y := {(µ, p, p˜) ∈ R+ ×M2 | p = p˜} denotes the diagonal submanifold. Moreover,
their difference KAB −KA =: K ∈ A
q,∞
phg (M
2
b ).
5A distribution ω on R+×M2 lifts to a distribution β∗ω on M 2b by requiring (β
∗ω)(f◦β) := ω(f)
on any test function f ∈ C∞0 (R
+ ×M2). Note that a (compactly supported) test function on M 2b
can always be written as f ◦ β for some test function f on R+ ×M2.
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Proof. For R > 0 sufficiently large and µ ∈ ΓR, we may write according to [See69,
(28)]
Op(d−q−j) = (2π)
−m
∫
Rm−1
ei〈y−y˜,ζ〉d˜−q−j(x, y, ζ, x˜, µ) dζ, (2.7)
where d˜−q−j is homogeneous of degree (−q−1) in (x
−1, x˜−1, ζ, µ). Moreover, [See69,
(29)] asserts the following estimate∣∣∣xix˜k∂αx∂βx˜∂γζ ∂δµd˜−q−j(x, y, ζ, x˜, µ)∣∣∣ ≤ C exp (−c(x+ x˜)(|ζ |+ µ))
× (|ζ |+ µ)1−q−j−k−i+α+β−|γ|−δ,
(2.8)
with constants c, C > 0. This estimate is stable under differentiation in y ∈ Rm−1.
We may now study the asymptotics of the lift β∗Op(d−q−j) in the various projective
coordinates near the front face of M 2b . For instance, in coordinates (2.5) we find
β∗Op(d−q−j) = (2π)
−mx˜−m+q+j
∫
Rm−1
ei〈u,ν〉d˜−q−j(s, y, ν, 1, τ
−1) dν. (2.9)
Hence the lift β∗Op(d−q−j) is of order (−m+ q+ j) at the front face ff (x˜→ 0), and
smooth at rf (s→ 0). In view of the estimate (2.8) the expression is also vanishing
to infinite order at the temporal face tf (τ → 0). Similarly, in coordinates (2.6)
β∗Op(d−q−j) = (2π)
−m(ηx˜)−m+q+j
∫
Rm−1
ei〈U,ν〉d˜−q−j(S+η
−1, y, ν, η−1, 1) dν. (2.10)
Hence the lift β∗Op(d−q−j) is of order (−m + q + j) at the front face ff (x˜ → 0).
In view of the estimate (2.8) the expression is also vanishing to infinite order at the
temporal face tf (|(S, U)| → ∞) as well as temporal diagonal td (η → 0).
Summarizing we have shown β∗Op(d−q−j) ∈ A
q+j,∞
phg (M
2
b ). Similar arguments
applied to the classical symbol expansion of the interior parametrixKA = (A+µ
q)−1
justify KA ∈ A
q,q
phg(M
2
b , β
∗Y ). Since β∗µ = ρffρtdρtf, up to multiplication with a
bounded function, we infer from Theorem 2.1
β∗KAB = β
∗KA +
N−1∑
j=0
β∗Op(d−q−j) + (ρffρtdρtf)
−m+q+NQN , (2.11)
as (ρff, ρtd, ρtf)→ 0, where QN denotes some conormal distribution on M
2
b which is
bounded uniformly in N at all the boundary faces. Taking the limit N →∞ proves
the statement. 
3. Composition of polyhomogeneous Schwartz kernels
Let X and X ′ be two compact manifolds with corners, and let f : X → X ′ be
a smooth map. Let {Hi}i∈I and {H
′
j}j∈J be enumerations of the codimension one
boundary faces of X and X ′, respectively, and let ρi, ρ
′
j be global defining functions
for Hi, resp. H
′
j. We say that the map f is a b-map if for all j ∈ J there exists a
smooth positive function aj such that
f ∗ρ′j = aj
∏
i∈I
ρ
e(i,j)
j , e(i, j) ∈ N ∪ {0}.
The map f is called a b-submersion if f∗ induces a surjective map between the b-
tangent bundles of X and X ′. The notion of b-tangent bundles has been introduced
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in [Mel93, Lemma 2.5]. Assume moreover that for each j there is at most one i
such that e(i, j) 6= 0. In other words no submanifold in X gets mapped to a corner
in X ′. Under this condition the b-submersion f is called a b-fibration.
Suppose that ν0 is a density on X which is smooth up to all boundary faces and
everywhere nonvanishing. A smooth b-density νb is, by definition, any density of the
form νb = ν0(Πρi)
−1. Let us fix smooth b-densities νb on X and ν
′
b on X
′.
Proposition 3.1. [Mel92, The Pushforward Theorem] Let fb : X → X
′ be a b–
fibration. Let u be a polyhomogeneous function on X with index sets Ei the faces Hi
of X. Suppose that each (z, p) ∈ Ei has Re z > 0 if e(i, j) = 0 for all j ∈ J . Then
the pushforward f∗(uνb) is well-defined and equals hν
′
b where h is polyhomogeneous
on X ′ and has an index family fb(E) given by an explicit formula in terms of the
index family E for X.
Rather than giving the formula for the image index set in general, we provide
the index image set in a specific setup, enough for the present situation. If Hi1 and
Hi2 are both mapped to a face H
′
j, and if Hi1 ∩ Hi2 = ∅, then they contribute the
index set Ei1 +Ei2 to H
′
j. If they do intersect, however, then the contribution is the
extended union Ei1∪Ei2
Ei1∪Ei2 := Ei1 ∪ Ei2 ∪ {((z, p+ q + 1) : ∃ (z, p) ∈ Ei1 , and (z, q) ∈ Ei2}.
We now employ the Pushforward theorem to establish the following fundamental
composition result. Let Y := {(µ, p, p˜) ∈ R+ ×M2 | p = p˜} denote the diagonal
submanifold. Consider any Ka ∈ A
ℓ,k
phg(M
2
b , β
∗Y ) and Kb ∈ A
ℓ′,∞
phg (M
2
b ). Their
composition is defined by
Kc(p, p˜;µ) =
∫
M
Ka(p, p
′;µ)Kb(p
′, p˜;µ) dvolM(p
′). (3.1)
Proposition 3.2.
A
ℓ,k
phg(M
2
b , β
∗Y ) ◦A ℓ
′,∞
phg (M
2
b ) ⊂ A
ℓ+ℓ′,∞
phg (M
2
b ). (3.2)
Proof. Consider Ka ∈ A
l,k
phg(M
2
b , β
∗Y ) and Kb ∈ A
l′,∞
phg (M
2
b ). Their composition
Kc = Ka ◦ Kb is defined in (3.1). This expression can be rephrased in geometric
terms. Consider the space R+1/µ ×M
3
(p,p′,p˜), and the three projections
πc : R
+
1/µ ×M
3
(p,p′,p˜) → R
+
1/µ ×M
2
(p,p˜),
πa : R
+
1/µ ×M
3
(p,p′,p˜) → R
+
1/µ ×M
2
(p,p′),
πb : R
+
1/µ ×M
3
(p,p′,p˜) → R
+
1/µ ×M
2
(p′,p˜).
(3.3)
We reinterpret Ka, Kb and Kc as ‘right densities’
Ka ≡ Ka(p, p
′;µ) dvolM(p
′),
Kb ≡ Kb(p
′, p˜;µ) dvolM(p˜),
Kc ≡ Kc(p, p˜;µ)dvolM(p˜).
Then we can rewrite (3.1) as
Kc = (πc)∗ (π
∗
aKa · π
∗
bKc) .
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The basic idea in the proof of polyhomogeneity of Kc is a construction of a triple-
space M 3b which is a blowup of R
+
1/µ × M
3 obtained by a sequence of blowups,
designed such that there are maps
Πa,Πc,Πb : M
3
b −→ [R
+
1/µ ×M
2;C ] =: M 2rb
which ‘cover’ the three projections defined above. The construction is reminiscent of
the triple space construction for the heat space calculus for conical singularities, see
[Moo99], but differs from the latter since there is no convolution in the parameter
µ−1 variable and the blowups are not parabolic in the µ−1 direction. On each copy of
M we use the local coordinates p = (x, y), p′ = (x′, y′), p˜ = (x˜, y˜) ∈ R+×Rm−1 near
the boundary ∂M with (x, x′, x˜) being the three copies of the boundary defining
function. First we blow up the submanifold
F = {(1/µ, x, y, x′, y′, x˜, y˜) | µ =∞, x = x′ = x˜ = 0, y = y′ = y˜}
= π−1a C ∩ π
−1
b C ∩ π
−1
c C ,
which is the intersection of all highest codimension corners C introduced in (2.1),
pulled back under the three projections to R+×M3. Then we blow up the resulting
space [R+ ×M3;F ] at the interior lifts of each of the three submanifolds
Fc = π
−1
c C = {(1/µ, x, y, x
′, y′, x˜, y˜) | µ =∞, x = x˜ = 0, y = y˜},
Fa = π
−1
a C = {(1/µ, x, y, x
′, y′, x˜, y˜) | µ =∞, x = x′ = 0, y = y′},
Fb = π
−1
b C = {(1/µ, x, y, x
′, y′, x˜, y˜) | µ =∞, x′ = x˜ = 0, y′ = y˜}.
(3.4)
Identifying notationally each Fa,b,c with their lifts to [R
+×M3, F ], we may altogether
define the triple space
M
3
b :=
[[
R
+ ×M3;F
]
;Fa;Fb;Fc
]
.
If we ignore the µ−1−direction, the spacial part of M 3b can be visualized as below.
111
011 110
101
010
001 100
Figure 2. The spacial component of the triple space M 3b .
Here, (101), (011) and (110) label the boundary faces created by blowing up Fc, Fb
and Fa, respectively. The face (111) is the front face introduced by blowing up F .
We denote the defining function for the face (ijk) by ρijk. The triple space comes
with a natural blowdown map β(3) : M 3b → R
+ ×M3, which as in the discussion of
M 2b amounts in local coordinates to a coordinate change back to (x, y, x
′, y′, x˜, y˜, µ).
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Now consider the projections πc, πa and πb introduced in (3.3). These induce
projections Πc, Πa and Πb from M
3
b to the reduced blowup space M
2
rb. It is not
hard to check that the choice of submanifolds F, Fa,b,c that have been blown up
ensures that these projections are in fact b-fibrations.
Denote defining functions for the right, front and left faces of each copy of M 2rb by
{ρ10, ρ11, ρ01}, respectively. These lift via the projections according to the following
rules (modulo multiplication by a non-vanishing function)
Π∗c(ρij) = ρi0jρi1j ,
Π∗a(ρij) = ρij0ρij1,
Π∗b(ρij) = ρ0ijρ1ij .
(3.5)
Now consider the behaviour in the parameter µ−1-direction. Let τ be a defining
function for the boundary face in M 3b which is mapped onto {µ = ∞} by the
blowdown map. Since each F, Fa,b,c is a submanifold of {µ =∞}, we find
β∗(3)µ
−1 = τρ111ρ110ρ101ρ011. (3.6)
Let β(2) : M
2
rb → R
+ ×M2 be the blowdown map for the reduced blowup space.
Then β∗(2)µ
−1 = Tρ11, where T is a defining function for the temporal face tf in M
2
rb.
Note that β(2) ◦ Πa,b,c = πa,b,c ◦ β(3) and hence acting on functions on R
+ ×M2 we
have
Π∗a,b,c ◦ β
∗
(2) = β
∗
(3) ◦ π
∗
a,b,c.
Consequently, in view of Eq. (3.5) and Eq. (3.6), we conclude (modulo multiplication
by a non-vanishing function)
Π∗c(T ) = τρ110ρ011,
Π∗a(T ) = τρ101ρ011,
Π∗b(T ) = τρ101ρ110.
(3.7)
Using these data, we may now prove the anticipated composition formula. Con-
sider the ‘right densities’, Ka(x, y, x
′, y′;µ)dx′dy′ and Kb(x
′, y′, x˜, y˜;µ)dx˜dy˜. Their
product is given by
Ka(x, y, x
′, y′;µ) ·Kb(x
′, y′, x˜, y˜;µ) dx′ dy′ dx˜ dy˜
Its integral over dx′dy′ gives Kc(x, y, x˜, y˜;µ)dx˜ dy˜. To put this into the same form
required in the pushforward theorem, write t = µ−1 and multiply this expression by
dt dx dy.
Blowing up a submanifold of codimension n amounts in local coordinates to intro-
ducing polar coordinates, so that the coordinate transformation of a density leads
to (n − 1)st power of the radial function, which is a defining function of the corre-
sponding front face. Hence we compute the lift
β∗(3)(dt dx dy dx
′ dy′ dx˜ dy˜)
= ρ
3+2(m−1)
111 ρ
2+(m−1)
101 ρ
2+(m−1)
110 ρ
2+(m−1)
011 ν
(3)
= ρ
3+2(m−1)
111 ρ
2+(m−1)
101 ρ
2+(m−1)
110 ρ
2+(m−1)
011 τ (Πρijk) ν
(3)
b ,
(3.8)
where ν(3) is a density on M 3b , smooth up to all boundary faces and everywhere
nonvanishing; ν
(3)
b is a b-density, obtained from ν
(3) by dividing by a product of all
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defining functions on M 3b ; and (Πρijk) is a product over all (ijk) ∈ {0, 1}
3. Set
κa = β
∗
(2)Ka and κb = β
∗
(2)Kb. Since κb is vanishing to infinite order as T → 0, its
lift Π∗bκb vanishes to infinite order in τρ110ρ101 by Eq. (3.7).
Since κa is not polyhomogeneous on the reduced blowup space M
2
rb, the lift Π
∗
aκa
is not polyhomogeneous in τ . However, due to infinite order vanishing of Π∗bκb in
τ , their product Π∗aκa · Π
∗
bκb is polyhomogeneous and vanishing to infinite order in
τρ110ρ101ρ011. We obtain
Π∗aκa · Π
∗
bκb β
∗
(3)(dt dx dy dx
′ dy′ dx˜ dy˜) = ρℓ+ℓ
′+1
111 (Πρijk)Gν
(3)
b ,
where G is a bounded polyhomogeneous function on M 3b , vanishing to infinite order
in (τρ110ρ101ρ011), with index sets N0 at the faces (001), (100) and (010). Applying
the Pushforward Theorem now gives
(Πc)∗
(
Π∗aκa · Π
∗
bκb β
∗
(3)(dt dx dy dx
′ dy′ dx˜ dy˜)
)
= β∗(2) (Kc dt dx dy dx˜ dy˜) = ρ
2+ℓ+ℓ′
11 G
′ ν
(2)
b ,
(3.9)
where ν
(2)
b is a b-density on M
2
rb and G
′ is a bounded polyhomogeneous function on
M 2rb, which vanishes to infinite order in T , and has the index set N0 at the left and
right boundary faces. By [EMM91, Proposition B7.20] the pushforward is smooth
across β∗Y .
Note also that the pushforward by Πc does not introduce logarithmic terms in the
front face expansion of κc, since the kernel on M
2
rb is vanishing to infinite order at
(101). Hence, for κA and κB with integer exponents in their front face expansions,
the same holds for their composition.
By an argument similar to Eq. (3.8), we compute
β∗(2)(dt dx dy dx˜ dy˜) = ρ
m+1
11 (ρ10ρ11ρ01T ) ν
(2)
b . (3.10)
Consequently, combining Eq. (3.9) and Eq. (3.10), we deduce that β∗(2)Kc vanishes
to infinite order in T , is of leading order (−m+ ℓ+ ℓ′) at the front face and has the
index sets N0 at the left and right boundary faces. This proves the statement. 
4. Multi-parameter resolvent trace expansion
4.1. Initial parametrix and Neumann series. In this section we construct the
Schwartz kernel of (AB(λ) + z
q)−1 as a polyhomogeneous distribution in an open
neighborhood of ff in M 2b . The microlocal description of the resolvent kernels in
Theorem 2.3 does not apply directly to AB(λ), since the smooth potentials V1, .., Vn
need not be constant along ∂M . Hence we consider for each y0 ∈ ∂M the oper-
ator AB(λ)y0 := AB +
∑n
k=1 λ
q
kVk(y0), with the corresponding resolvent for z ∈ Γ
sufficiently large
Ky0 := (AB(λ)y0 + z
q)−1(x, x˜, y, y˜). (4.1)
The front face ff and its open ε-neighborhood in M 2b are fibrations over ∂M with
fibres Sm++ and [0, ε)× S
m
++, respectively. Theorem 2.3 asserts that Ky0(·, y0) lifts to
a polyhomogeneous conormal distribution on the y0-fibre with µ = |(λ, z)|
−1. Con-
sequently we may define a distribution K0 ∈ A
q,q
phg(M
2
b , β
∗Y ) by (e.g. in projective
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coordinates (2.5))
K0(τ, s, x˜, u, y0) := Ky0(sx˜, x˜, y0 + x˜u, y0). (4.2)
By construction, BK0 = 0 and K0 solves the resolvent equation
6 (AB(λ) + z
q)K0 =
I + P up to an error term P that vanishes at ff to one order higher, more precisely
is of order (q+1) at ff. As in Theorem 2.3, we may separate K0 into an interior and
boundary contribution
K0 = Ki +Kb, Ki ∈ A
q,q
phg(M
2
b , β
∗Y ), Kb ∈ A
q,∞
phg (M
2
b ). (4.3)
Formally, K0 is corrected to an exact solution of (AB(λ) + z
q)K = I by convolution
with a Neumann series of the remainder R
K = K0(I + P )
−1 = K0
∞∑
j=0
(−1)jP j
=
∞∑
j=0
(−1)j
(
K0P
j −KiP
j
)
+
∞∑
j=0
(−1)jKiP
j
=:
∞∑
j=0
(−1)jRj0 +
∞∑
j=0
(−1)jRj1 =: R0 +R1.
(4.4)
The Neumann series converge in the operator norm for z ∈ Γ sufficiently large. Note
that the second term R1 is an interior parametrix (A(λ)+z
q)−1. Its multi-parameter
expansion follows from the classical calculus of pseudo-differential operators with
parameter, for a survey type exposition see for example [Les10, Sec. 4 and 5].
More precisely, the differential expression (A(λ) + zq) is of order q, elliptic in
the parametric sense with parameter (λ, z) ∈ Γn+1. We write (A(λ) + zq) ∈
CLq(M ; Γn+1). By [Shu01, Sec. II.9], its parametrix R1 ∈ CL
−q(M ; Γn+1), and
the N -th power RN1 ∈ CL
−qN(M ; Γn+1). Consider N ∈ N, such that qN > m. Fix
any multiindex α ∈ Nn0 and β ∈ N0. Then the Schwartz kernel of R
N
1 , which we
do not distinguish notationally from the operator, is continuous with an asymptotic
expansion on the diagonal as |(λ, z)| → ∞, (λ, z) ∈ Γn+1
∂αλ∂
β
zR
N
1 (p, p;λ, z) ∼
∞∑
j=0
fj
(
p,
(λ, z)
|(λ, z)|
)
|(λ, z)|−qN−j−|α|−β+m, (4.5)
see [Les10, Theorem 5.1]. The functions fj are smooth on M × (Γ
n+1∩Sn) and the
expansion Eq. (4.5) is uniform over the compact manifold M .
4.2. Trace norm estimates and expansions. It remains to study R0. Trace
norm estimates of Rj0 depend on the following basic result.
Proposition 4.1. Consider R ∈ A ℓ,∞phg (M
2
b ). Then R defines a Hilbert Schmidt
operator with the Hilbert Schmidt norm
‖R(·, µ)‖HS = O(µ
−ℓ+m/2), µ→∞.
6I denotes the identity operator.
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Proof. We make the argument explicit in projective coordinates (2.5). R lifts to a
polyhomogeneous function on M 2rb and
β∗(R2dx dy dx˜ dy˜) = x˜−m+2ℓGds dx˜ du dy
= µ−2ℓ+mτm−2ℓGds dx˜ du dy,
where G is bounded in (x˜, s, u, y) and vanishing to infinite order as τ →∞. Similar
estimates hold at the other two corners of the front face in the reduced blowup space
M 2rb. Consequently we obtain as µ→∞
‖R(·, µ)‖2HS =
∫
M
∫
M
R(p, p˜;µ)2dvolM(p)dvolM(p˜) = O(µ
−2ℓ+m).

Corollary 4.2. Let M ∈ N and β ∈ N0 be fixed. Write for any multiindex α ∈ N
n
0
∂αλ = ∂
α1
λ1
· · ·∂αnλn . Then for µ0 sufficiently large there exist constants C > 0 and
0 < q < 1 such that for N ≥ M and µ ≥ µ0 the trace norms satisfy the following
estimates ∥∥ ∂αλ∂βzRN0 ∥∥tr ≤ C ·N · qN−M · µ−M−|α|−β−q+m2 ,∥∥∥ ∂αλ∂βz ∞∑
j=M
Rj0
∥∥∥
tr
= O
(
µ−M−|α|−β−q+
m
2
)
, as µ→∞.
(4.6)
Proof. It suffices to consider the case α = 0n and β = 0. For elements a and b in a
not necessarily commutative ring we have by induction the following identity
(a+ b)N − bN =
N−1∑
k=0
bka(a + b)N−k−1. (4.7)
By construction, P = λ(V )K0, where in local coordinates (x, y) ∈ U in an open
collar neighborhood of the boundary λ(V ) =
∑n
k=1 λ
q
k(Vk(x, y) − Vk(0, y)). Conse-
quently, we may write
RN0 = K0 ◦ (λ(V )K0)
N −Ki ◦ (λ(V )Ki)
N
=
N−1∑
k=0
Ki ◦ (λ(V )Ki)
k ◦Kb λ(V ) ◦ (λ(V )K0)
N−k−1
+Kb ◦ (λ(V )K0)
N .
(4.8)
Each of the N summands of RN0 is of the form
PN = Q0 ◦
(
N∏
j=1
λ(V )Qj
)
, (4.9)
where each Qj, j = 0, . . . , N , is either K0, Ki or Kb. By construction, at least one
of the kernels equals Kb.
By the classical resolvent decay, we have for z ∈ Γ sufficiently large and for each
j an estimate of the operator norm
‖λ(V )Qj‖ ≤ c < 1. (4.10)
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Thus for any fixed M ≤ N we may estimate the trace norm of each summand PN
by ∥∥PN∥∥tr ≤ cN−M · ∥∥Q0
(
M∏
j=1
λ(V )Qj
)∥∥
HS
, (4.11)
where ‖ · ‖tr, ‖ · ‖HS denote the trace norm resp. the Hilbert-Schmidt norm. Note
that for δVk(x, y) := Vk(x, y)−Vk(0, y) the lift β
∗δVk vanishes to first order at ff and
hence writing for any α ∈ Nn0 (λ
q)α := λqα11 · · ·λ
qαn
n and |α| := α1 + · · ·+ αn we find
Q0
(
M∏
j=1
λ(V )Qj
)
∈
⊕
|α|=M
(λq)αA
M(q+1)+q,∞
phg (M
2
b ). (4.12)
By Proposition 4.1 we find
∥∥Q0
(
M∏
j=1
λ(V )Qj
)∥∥
HS
≤ CM µ
−M−q+m/2. (4.13)
This proves the first and subsequently the second statements. 
We may now separate
R0 =
∞∑
j=0
(−1)jRj0 =
M−1∑
j=0
(−1)jRj0 +
∞∑
j=M
(−1)jRj0,
and in view of Corollary 4.2, an asymptotic expansion of TrR0 follows by studying the
first sum and then taking M →∞ to improve the remainder estimate. Asymptotics
of the first sum follows from the next proposition.
Proposition 4.3. For any R ∈ A ℓ,∞phg (M
2
b ) we find
TrR(·, µ) ∼
∞∑
j=0
ajµ
−1−j−ℓ+m, µ→∞. (4.14)
Proof. Consider Y := {(µ, p, p˜) ∈ R+ ×M2 | p = p˜}. The lift β∗R does not have a
conormal singularity and restricts to a polyhomogeneous distribution on β∗Y ⊂ M 2b ,
which itself is a blowup of R+1/µ ×M at the highest codimension corner, with the
blowdown map denoted by βY . We refer to the restrictions of ff, lf and td in M
2
b to
β∗Y as the front face, left face and temporal diagonal again.
The restriction of β∗R to β∗Y is polyhomogeneous of leading order (−m+ℓ) at the
front face, index set N0 at the left face and vanishes to infinite order at the temporal
diagonal. Consider the obvious projection π : R+ ×M → R+. Then (t = 1/µ)
TrR(·, µ) dt = (π ◦ βY )∗ (β
∗
YR|Y dt dvolM) .
Note that
β∗Y (R|Y dt dvolM) = ρ
−m+ℓ+2
ff Gνb.
where νb is a b-density on β
∗Y , ρff is the defining function of the front face, G is
a bounded polyhomogeneous distribution with index set N0 at the left face and
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vanishes to infinite order at the temporal diagonal in β∗Y . By the Theorem 3.1 we
find as t→ 0
(π ◦ βY )∗ (β
∗
YR|Y dt dvolM) ∼
∞∑
j=0
t−m+ℓ+2+j
(
t−1dt
)
.
This proves the statement. 
Corollary 4.4. Consider any multiindex α ∈ Nn0 and β ∈ N0. For each i ∈ N0 there
exist hi ∈ C
∞(Γn+1\{0}), homogeneous in (λ, z) of order (−1 − q + m − i), such
that in the notation of Corollary 4.2
∂αλ∂
β
z TrR0 ∼
∞∑
i=0
hi+|α|+β(λ, z), as µ→∞.
Proof. As before in Corollary 4.2 it suffices to consider α = 0n, β = 0. As observed
in (4.12), we find by construction
Rj0 =
n∑
|α|=j
Qj,α ∈
⊕
|α|=M
(λq)αA
j(q+1)+q,∞
phg (M
2
b ).
For each Qj,α ∈ (λ
q)αA
j(q+1)+q,∞
phg (M
2
b ) we find by Proposition 4.3 as µ→∞
TrQj,α(µ) ∼
∞∑
i=0
bi
(
(λq)α
µq|α|
)
µ−1−i−j−q+m.
Altogether we obtain the following polyhomogeneous multi-parameter trace expan-
sion for any M ∈ N
Tr
M−1∑
j=0
(−1)jRj0 ∼
∞∑
i=0
h′i(λ, z), as µ→∞,
where each h′i(λ, z) is homogeneous in (λ, z) of order (−1 − q + m − i). Taking
M →∞ we derive by Corollary 4.2 the stated full polyhomogeneous expansion. 
Together with the asymptotics of the interior contribution (4.5) this leads to our
final main result.
Theorem 4.5. Consider any multiindex α ∈ Nn0 and β ∈ N0. Fix N ∈ N such that
qN > m. Then there exist ei ∈ C
∞(M × (Γn+1 ∩ Sn)), such that
∂αλ∂
β
z Tr(AB(λ) + z
q)−N ∼
∞∑
j=0
ej
(
(λ, z)
|(λ, z)|
)
|(λ, z)|−1−qN−j−|α|−β+m,
where e0 is purely a boundary contribution.
Proof. The statement follows from Corollary 4.4, Eq. (4.5) and
∂αλ∂
β
z (AB(λ) + z
q)−N = ∂αλ∂
β
z
(
−
1
q
z1−q∂z
)N−1
(AB(λ) + z
q)−1
= ∂αλ∂
β
z
(
−
1
q
z1−q∂z
)N−1
(R0 +R1).
(4.15)

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